éd/ yf/Wj Math 419/519- Final Exam - December 12, 2007

Directions: The exam is worth 200 points. You may not use any outside assistance. Let Z,Q,R,C
denote the integers, rational numbers, real numbers and complex numbers respectively.

1. (18 points) Define the following terms:

a. A map f: R — S between rings R and S is a ring homomorphism if ...
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c. Let F be a field. A field automorphism of E is...
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d. A group G is simple if...
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e. An integral domain is...
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f. Let F' C F be a field extension. a € E is algebraic over F if ...
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2. (36 points) True or false:

__F__ a. The field extension Q(+/5) is the splitting field of some polynomial in Qlz].
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E_ b. All nonabelian groups of order eight are isomorphic.
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_E _ ¢. The group Q under addition is a cyclic group.

_/__ d. Let p(z) € Flz]. There is always some extension field E of F' in which p(z) factors
completely into linear terms. o

_;/__ e. Using only a compass and straightedge it is possible to construct a 15° angle.
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_f __ f. The alternating group As has 120 elements.
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«.J‘__ g. The smallest nonabelian group has 6 elements.

_E h. Z/8Z is generated by the two elements 2 4 8Z and 4 + 8Z.

[
l i. 47 is a maximal ideal in Z.
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_/;_ j. S7 is isomorphic to the subgroup of permutations in Sg which leave the number 5 fixed.

Zj_/ k. Addition in any ring is commutative.
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__/“M 1. The Galois group of 8 — 1 over Q is abelian.



3. (24 points) Give an example of:

a. A polynomial in Q[x] with Galois group isomorphic to the Klein 4-group.

3]

b. A planar object (sketch it!) which has symmetry group isomorphic to the cyclic group Zs.

c. A prime ideal in Z[z] which is not maximal.
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d. A permutation in Ag of order 6.
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e. A polynomial in Z[z] which is irreducible over Q but not over Zs.
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f. A zero divisor in the ring Zs[i].
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4. (17 points)
A subgroup H < G is called characteristic if ¢[H| = H for any automorphism ¢ of G. Prove
that the center Z(G) is always a characteristic subgroup of G.
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5. (15 points) Consider the ideal I = (z? — 3z +2) in the ring Q[:z:] Is the ring Q[z]/I an integral
domain? Either prove it is or explain clearly why it is not.
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0 1 ) € GLs(R). Compute the centralizer of A. Is the centralizer

6. (15 points) Let A = (

abelian? Explain.
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7. (15 points) In class we proved that the cos(20°) is a root of the irreducible polynomial 823 —
6z — 1. Explain in some detail how this leads to a proof that at 60° angle cannot be trisected using

a compass and straightedge.
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8. (10 points) Prove that the kernel of a ring homomorphism is an ideal.
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9. (10 points) Show that the polynomial 2z 4+ 1 has a multiplicative inverse in Z4 [=]s
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