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Math 461/561 Final Exam - December 17, 2015

1. (20 points) Complete the following:

a. Let L be a complex Lie algebra. Define the Killing form on L.

iy ) = Lrae /JJQ/XMO/?/

b. A Lie subalgebra H of a Lic algebra L is said to be a Cartan subalgebra if ...
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¢. Define a base for a root system R.
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d. Let H be a Cartan subalgebra of a Lie algebra L. Describe/define the root space decomposi-
tion of L.
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e. Let L be a Lie algebra. Define a Lie algebra module V.
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L D a derivation of a Lie algebra L.

5 | — L Jpew st Tkt
Sloyyd) = LSuyd » LSy )




2. (20 points) True or false. If false, give a counterexample or explanation.

7;_/1[C a. The roots in the A, root system all have the same length.

F q /:g__ b. Let L be the two-dimensional nonabelian Lie algebra over C. Then any finite-dimensional
L-module is completely reducible.
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F_;ﬁéf ¢. Up to isomorphism, the Lie algebra Fy(C) has a unique irreducible module in each
dimension.
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ME d. The B> root system has eight roots.

be finite.
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3. (10 points) Let L be a finite-dimensional Lie algebra.
a. Define the radical rad I and the center Z(L).

b. I is called reductive if vad L = Z{L). Show that if L is reductive then L is a completely
reducible as an L module via the adjoint representation. (Hint: Weyl’s theorem)
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4. (10 points) Prove that sl(2, F') is nilpotent in characteristic 2.
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5. (20 points)
a. State Lie’s Theorem
b. Let L be a solvable subalgebra of gl{zn, C). Prove that the derived subalgebra [L, L] is nilpotent.

¢. Give a counterexample to b. in characteristic 2.
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6. (20 points) Recall the construction of a root system type G2. The ambient Euclidean space is

3
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There are 12 roots given by:

R == {d{c — )i # 71U {£26 — ¢ — &), {1, ], k} ={1,2,3}}.
A base is given by
{0:1 =& — €n, (xg = €3 + €3 — 261.}
a. Recall the fundamental dominant weights are defined by Ay, Ag where )\,—(haj) = §;;. Deter-
mine A1 and Ag.

b. Let sq, the the corresponding simple reflection. Let o = 2¢; — €3 — 3. Compute s, (z) and
express it in terms of the simple roots.

c. Give the Cartan matrix for G with simple roots in order oy, og.
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