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We formulate the inverse spectral theory for a non-self-adjoint one-dimensional Dirac operator associated
periodic potentials via a Riemann-Hilbert problem approach. We use the resulting formalism to solve the
initial value problem for the focusing nonlinear Schrédinger equation. We establish a uniqueness theorem for
the solutions of the Riemann-Hilbert problem, which provides a new method for obtaining the potential from
the spectral data. The formalism applies for both finite- and infinite-genus potentials. As in the defocusing case,
the formalism shows that only a single set of Dirichlet eigenvalues is needed in order to uniquely reconstruct
the potential of the Dirac operator and the corresponding solution of the focusing NLS equation.

1. Introduction and outline

This work addresses the formulation of the inverse spectral theory
for the non-self-adjoint Zakharov-Shabat (ZS) operator with periodic
potentials using a Riemann-Hilbert problem (RHP) approach, as well as
the application of these results to solving the initial value problem (IVP)
for the focusing nonlinear Schrodinger (NLS) equation under periodic
boundary conditions. Specifically, we study the eigenvalue problem
associated with the ZS operator:

Lv=2zv, 1.1)

where £ is a matrix-valued Dirac operator acting in L?*(R,C?) with
dense domain H'!(R, C?), defined as

L :=icy(d, — Q) (1.2)

with v = o(x,z) = (v;,v,)" and the superscript T denoting matrix
transpose. Hereafter, o3 = diag(l, —1) is the third Pauli matrix and Q(x)
is the matrix-valued potential function

0 q(x)>

@ 0 (1.3)

O(x) = <

with the asterisk denoting complex conjugation. The “potential” ¢ :
R — C is a function with minimal period L, i.e.,

gx+L)=q(x), VxeR. (1.4)

The Lax spectrum of £, denoted by X(L), is defined as the set of
complex values z for which there exists at least one bounded, nontrivial
solution to the eigenvalue problem (1.1), i.e.,

(L) :={ze€C: Lp=2h, 0< |l o2, <0} . (1.5)

In this work, we will consistently use the term “spectrum” as a syn-
onym for the Lax spectrum. For simplicity, and to minimize technical
complications, we assume g € C2([0, L]) throughout, unless explicitly
stated otherwise.

It is well known that the eigenvalue problem (1.1) is intimately
related to the focusing NLS equation, namely the partial differential
equation (PDE)

ig, + gy +2lq1°g =0, (1.6)

where ¢ = g¢(x,t), and subscripts denote partial derivatives. This is
because the Lax pair for the focusing NLS equation consists of the fol-
lowing overdetermined linear system of ordinary differential equations
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(ODEs) [1,2]:
(1.7a)
(1.7b)

v, =X(x,t,2)v, X(x,1,z) = —izoz + O(x,1),

v, =T(x,t,2)v, T(x,t,z) = —2i220'3 + H(x,t,z),

where H(x,t,z) = 2z0 — io3(Q> — Q,) and where Q(x,?) has the
same form as in (1.3) but with g(x) replaced by g(x,?). That is, the
compatibility condition v,, = v, of the system (1.7) is equivalent
to the focusing NLS equation (1.6). The first half of the Lax pair,
namely (1.7a), is known as the Zakharov-Shabat scattering problem,
the eigenvalue z € C is also referred to as the spectral parameter and
v = v(x, t, z) as the scattering eigenfunction. Importantly, the eigenvalue
problem (1.1) is equivalent to (1.7a).

In 1967, Gardner, Greene, Kruskal, and Miura introduced direct and
inverse spectral methods to solve the IVP for the Korteweg—de Vries
equation [3]. Shortly after, Zakharov and Shabat [1,2] extended this
approach, now commonly referred to as the inverse scattering trans-
form (IST), to the NLS equation (1.6), relying on the spectral theory
of the Zakharov-Shabat problem (1.6). Shortly afterwards Ablowitz,
Kaup, Newell, and Segur broadened these methods to a large class of
integrable nonlinear PDEs [4]. Key advances in IST followed, particu-
larly the reformulation of the inverse problem as a matrix RHP [5-10],
which enabled the development of powerful asymptotic methods such
as the Deift-Zhou technique [11], that has been widely used with
success across various applications.

After the development of direct and inverse spectral methods and
the IST for decaying potentials, the focus naturally extended to IVPs
with periodic boundary conditions. The spectral theory for Hill’s equa-
tion (the time-independent Schrodinger equation with periodic poten-
tials) and its applications to the KdV equation under periodic boundary
conditions have been studied extensively since the 1970s, forming
the foundation of the finite-genus formalism [9,12-24]. This frame-
work was later expanded to the infinite-genus case, where global
transformations map the KdV flow onto a periodic trajectory on an
infinite-dimensional torus [17,25,26]. Similarly, the spectral theory of
focusing and defocusing Zakharov-Shabat operators and their finite-
gap formulation has a longstanding research history [27-34]. Recently,
McLaughlin and Nabelek developed a Riemann-Hilbert approach to
solve the inverse spectral problem for Hill’s operator in [35]. In [36]
we then extended their approach to the self-adjoint Dirac operator
[namely, the operator £ that one would obtain when the minus sign
in front of the term ¢*(x) in (1.3) is absent] with periodic potentials,
and we applied the results to solve the IVP for the defocusing NLS
equation [namely, the PDE obtained when the nonlinear term in (1.6)
is preceded by a minus sign] with periodic boundary conditions.

In the present work, we further generalize the above approach
to the non-self-adjoint Dirac operator (1.2) with periodic potentials,
which enables us to solve the IVP for the focusing NLS equation (1.6)
with periodic boundary conditions. The most significant difference
between the spectral theory for the self-adjoint and non-self-adjoint
Dirac operator is that, in the former, the spectrum is confined to the
real z-axis. In the latter, in contrast, the spectrum typically has non-real
components, which introduces several complications in the analysis. In
this work we show in detail how one can nonetheless address these
challenges and successfully generalize the formalism.

The outline of this work is as follows. In Section 2 we formulate
the direct spectral theory. We begin by recalling some results from
Bloch-Floquet theory. We then introduce a transformation of the fun-
damental matrix solution Y (x,z) of the ZS problem, formulate some
key assumptions, and define the spectral data that will allow one to
uniquely recover the potential g(x), including the Dirichlet spectrum.
In Section 3 we define the Bloch-Floquet eigenfunctions y*(x,z) of
the modified ZS problem in terms of its modified fundamental matrix
solution ¥(x,z) and we compute their asymptotic behavior as z —
0. Moreover, we express various quantities as infinite products via
Hadamard’s factorization theorem, which will be instrumental for the
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inverse problem. In Section 4 we present the formulation of the inverse
problem as a RHP, for which we prove uniqueness of solutions, and
we obtain the reconstruction formula for the potential based on the
solution of the RHP. A crucial step in this process is introducing a
matrix-valued function B(z), which cancels the singularities of the RHP
and ensures the uniqueness of the solution. In Section 5 we compute
the time dependence of the Dirichlet eigenvalues and Bloch-Floquet
eigenfunctions and we show how the results of Section 4 can used to
solve the IVP for the focusing NLS equation with periodic BC. Finally,
in Section 6 we end this work with some concluding remarks. The
appendix is devoted to a few preliminary results and technical lemmas,
the explicit formulation of the RHP in a few special cases (namely,
genus-zero and genus-one potentials) as examples, a discussion of an ef-
ficient numerical method for the calculation of the Dirichlet spectrum,
and some illustrative numerical results.

2. Direct spectral theory for the periodic non-self-adjoint
Zakharov-Shabat problem

In this section we begin formulating the direct spectral theory for
the focusing ZS spectral problem and define the spectral data that will
allow us to uniquely reconstruct the potential in Section 4. Since the
time dependence of the potential does not play any role in the direct
and inverse spectral theory, in this section and the following ones we
will temporarily omit the time dependence, which will then be restored
when discussing the IVP for the NLS equation in Section 5.

2.1. Lax spectrum, main eigenvalues and Dirichlet eigenvalues

Fundamental analytic solutions, monodromy matrix, Floquet discriminant.
We begin by briefly recalling some well-known results from Bloch—
Floquet theory, Recall that, for an n x n matrix-valued function A €
Ll'oc(]R) with A(x+ L) = A(x), Floquet’s theorem [37-39] states that any
fundamental matrix solution Y (x) of the system of linear homogeneous
ODEs

Yx = AMX)y 21
can be written in the Floquet normal form
Y(x)= W(x)eR, (2.2)

where W (x) is a nonsingular matrix with W(x+ L) = W(x), and R is a
constant matrix. Thus, all bounded solutions of the ZS system (1.7a)
have the form v(x,z) = e w(x,z) (or linear combinations of such
functions), where w(x + L,z) = w(x,z), and v € R is the Floquet
exponent (also referred to as quasi-momentum in some works). One
also defines the so-called Bloch-Floquet solutions, or normal solutions,
as the solutions of (1.7a) such that

y(x+L,z)=py(x,z), (2.3)

where p is the Floquet multiplier. Thus, a solution of (1.7a) is bounded
if and only if |p| = 1, in which case p = e with v € R. Moreover,
the Floquet multipliers are the eigenvalues of the monodromy matrix
M(z), which is defined by

Y(x+L,z)=Y(x,z2)M(z), (2.4)

where Y (x, z) is any fundamental matrix solution of (1.7a). Hereafter,
we choose Y (x, z) as the principal matrix solution of (1.7a) that is, the
matrix solution of (1.7a) normalized so that Y (0, z) = I, where I is the
identity matrix. We then have

M(z)=Y(L,z). (2.5)

Standard techniques allow one to show that, under the above as-
sumptions, Y (x, z) can be expressed as the following Volterra integral
equation

Y(x,2) = e 4 / e EBOTDQE)Y (£, 2) dt (2.6)
0
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which also allows one to show that, for all x € R, Y(x, z) is an entire
function of z. Since the RHS of (1.7a) is traceless, Abel’s formula
implies det M(z) = 1. Hence the eigenvalues of M(z), i.e., the Floquet
multipliers, are given by roots of the quadratic equation

p* —24(z)p+1=0, 2.7)
where A(z) is the Floquet discriminant
4:=Az)=5tr M(z), (2.8)

which is also an entire function of z [32,34,40]. The eigenvalue prob-
lem (1.1) has bounded solutions if and only if the following two
conditions are simultaneously satisfied:

ImA(z) =0, —-1<Red(z)<I1. (2.9)

Thus, an equivalent representation of the Lax spectrum is as follows:

2(L)y={zeC: A®z) € [-1,1]}. (2.10)
Spectral bands and gaps. Eq. (2.10) implies that the Lax spectrum is a
subset of the contour I' := {z € C : Im A(z) = 0} that is composed of the
real z-axis plus a countable set of curves in the complex z-plane. Each
of these curves is a single Schwarz-symmetric analytic curve starting
from infinity and ending at infinity in the complex plane. The second
condition in (2.9), namely, —1 < Re4 < 1, then divides each of the
curves into a number (zero, one or more) of spectral bands. Denoting
by I, for n € Z, those analytic curves that contain a non-zero number
of spectral bands, we have

r'=Ru <U F,,) U Ly

nez

(2.11)
where I is the union of all the analytic curves that do not contain
any spectral bands. Each finite portion of I, where |Red| > 1 and
that is delimited by a band on either side is called a spectral gap.
Throughout this work, we will take the natural orientation of the real
z-axis (i.e., oriented according to increasing values of Re z) and we will
take each I, to be oriented so that Im z is increasing in a neighborhood
of infinity. With the above definition, one can rigorously talk about
bands and gaps, as in a self-adjoint problem. The difference is that the
bands and gaps are not restricted to lie on the real z-axis, but lie instead
along curves I,. Moreover, different spectral bands can intersect at
saddle points of A. Note also that no arc I, can be closed, and that
each arc I, can intersect with another arc at most once. (This because,
in either case, one would obtain a closed contour on which Im A(z) = 0,
which would imply Im A(z) = 0 Vz € C, which is a contradiction.)

Proposition 2.1. If g € C%(R), the Lax spectrum X(L) has the following
properties (e.g., see [28,41]):

« It consists of a countable number of regular analytic arcs, the so-called
spectral bands.

* The real z-axis is an infinitely long spectral band, i.e., R C X(L).

+ With the exception of the real axis, no spectral bands extend to
infinity.

For z € C, we denote the roots of (2.7) as

p12(2) = A(z) F (4%(z) — D2, (2.12)

with p, and p, associated respectively with the plus and minus sign
in (2.12), for some appropriate choice of the complex square root, to
be defined next. Obviously p, ,(z) satisfy the relation p,(z) = 1/p,(2).
For each z € X(L), the condition A(z) € [-1,1] implies |p;,(2)| = 1,
whereas for each z € C\ 2(£), the condition 4(z) ¢ [-1,1] implies
|p12(2)| # 1. It is also convenient to introduce the quantities

ro(2) = (4% (2) - 1%,  a€R. (2.13)

In particular, we can uniquely define the complex square root r|/,(z)
in (2.12) such that: (i) its branch cut coincides with X(£); (ii) r, 12(2) ~
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A(z) as |Imz| — oo; (iii) Vz € R, r12(2) is continuous from above.
Moreover, Vz € (L) \ R, r; 12(2) is continuous from the left. We also
define p(z) be the root of (2.7) that is analytic for z ¢ X(£) and such
that |p(z)| < 1 for z € C\ X(L£). With the above definitions, we have
p(z) = p1(2) Vz & X(L).

Dirichlet spectrum. As is well known, knowledge of the Lax spectrum is
not sufficient to uniquely reconstruct the potential. Following [32,34],
we also define the Dirichlet spectrum associated with (1.7a) as follows:

Spi(x,) ;= {(peC:3v#0e H(x,,x, + L],C? s.t.

Lv=pv A vEBCp;, }, (2.14)

where “BCp; .~ denotes the following Dirichlet boundary conditions
(BC) with base point x,:

v1(x,) + Uy(x,) = vy (x, + L) + vy(x, + L) =0, (2.15)

with v = (v),v,)T. Any point y € Xp,(x,) will be referred to as a
Dirichlet eigenvalue of (1.1). Similarly to the Floquet spectrum, one can
identify Xp; (x,) with the zero set of a suitable entire function. For the
ZS problem (1.7a), however, additional complications arise compared
to Hill’s operator (as was already shown in the self-adjoint case in [36]).
For this reason, we introduce the following similarity transformation,
which will be instrumental not only for characterizing the Dirichlet
spectrum, but also for carrying out the inverse spectral theory:

Y(x,2)=UY(x,2) U}, (2.16)

where

U= L\/_ ( li i) . (2.17)
>\~

Then Y(x,z) is the fundamental solution of the following modified
scattering problem

§. = U(=izo; + QU ' 5. (2.18)

We also define M(z) = Y(L,z), which is also an entire function
of z. Moreover, since the trace and determinant are invariant under
the transformation (2.16), the Floquet eigenvalues of the modified
scattering problem (2.18), i.e., the eigenvalues of M(z), coincide with
p(z). On the other hand, we now have:

Proposition 2.2.
coincides with the set

Spi(0) = {u €C : Jpp(L.y)=0}.

The Dirichlet spectrum {u;} with base point x, = 0
(2.19)

2.2. Further properties of the spectrum. Spectral data

The formulation of the inverse spectral theory in Section 4 will
require the use of some known results from spectral theory, which are
summarized for convenience in the following theorem [32,34,42,43] (a
proof of some of these results is also given in Appendix A.1):

Theorem 2.3. The main spectrum and Dirichlet spectrum of the Dirac
operator £ (1.2) with L-periodic potential g € L*(R, C) satisfy the following
properties:

1. The main spectrum {{;} ey is defined as the roots of the equation
4*(z) — 1 = 0. The main eigenvalues ¢ ;. are either real or arise in
complex conjugate pairs.

2. Each real eigenvalue ¢; is also a Dirichlet eigenvalue.

3. There exists an integer J > 0 such that the entire function j,,(L, z)
has exactly one root in each disc:

Dj={ze<c;|z-jn|<ﬁ}, Ll > J. (2.20)

4
and exactly 2J + 1 roots in the disc B; = {z € C : |z| < Jx +n/4}
when counted with their multiplicities. There are no other roots.
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4. (Counting Lemma) There exists an integer J > 0 such that the entire
function A*(z)— 1 has exactly two roots in each disc D; with |j| > J
and exactly 4J +2 roots in the disc By = {z € C : |z| < Jx + n/4}
when counted with their multiplicities. There are no other roots.

5. If ¢ € C%(R), the periodic, antiperiodic and Dirichlet eigenvalues ¢ g
and p; have the following asymptotic behavior as |j| — oo:

nj 1
G Sojoto My = Tt o <;> . (2.21)
The proofs of the above “counting lemmas” can be found in [28,
43], and are straightforward applications of Rouche’s theorem. Impor-
tantly, these results induce a natural two-to-one map between the main

eigenvalues {; and the Dirichlet eigenvalues y;.

Assumption 2.4. Throughout the rest of this work, we will make the
following assumptions for the main spectrum and Dirichlet spectrum:
(i) Every analytic arc I, that contains one or more spectral bands
intersects the real axis. (ii) All complex main eigenvalues are simple.
(iii) All the Dirichlet eigenvalues u ; are simple zeros of 7,,(L,z) = 0,
except those which coincide with real zeros of 4> — 1 with multiplicity
m higher than 2, which have multiplicity m/2.

(Regarding the last item of Assumption 2.4, we note that all real
main eigenvalues are zeros of 4> — 1 with even multiplicity, since the
real axis is one infinitely long band.) Without loss of generality, we
can label the points of the main spectrum such that {,; ; = {;‘j with
Im¢,; > 0. Moreover, employing the lexicographic ordering of complex
numbers defined by

Rea < Reb,
axb:= { (2.22)

Rea=Reb A Ima <Imb,
we can take {,; < §y;,, for Vj € Z. Given Theorem 2.3 and Assumption
2.4, when ¢,; = ¢,;_; (implying that ¢,; and ¢,;_, are real) we sort the
Dirichlet eigenvalues so that u; = {,;. Note that we cannot say whether
H; < pjy for Vj € Z. However, by Theorem 2.3, there exists a J € N,
sty py < gy for Vij| > J.

Lemma 2.5. At each value z = uj, one has (L, uj) = 1/511(L, py),
with one of them equal to p(u;) or o~ u ), and the vector-valued funda-
mental solution J,(x, ;) is a Bloch-Floquet solution of (2.18) with Floquet
multiplier 3,,(L, ;).

Proof. The Dirichlet eigenfunction j,(x,u;) solves the modified ZS
problem with spectral parameter z = y;, and so does y,(x + L, u;). So
we have j,(x + L, u;) = aj;(x, u;) + by, (x, u;) for some constants a and
b. Evaluating this expression at x = 0, we conclude ¢ = 0 and b =
I (L, u;). Therefore, by Floquet’s theorem, j,(x, #;) is a Bloch-Floquet
solution with multiplier $,,(L, u;) = p(u;) or §(L, u;) = p(yj)‘l. Since
det Y(L, u;) = 1, we also have Jy(L, u;) = 1/5;,(L,u;). O

As in the defocusing case, the main spectrum {{;};c; decomposes
into nondegenerate band edges E; and degenerate band edges ¢ - By
Theorem 2.3 and Assumption 2.4, each E; is a simple root of A2-1=0,
while each ¢ ;s is a double root. Let X°(L) = X(£) \ {{;};ez denote the
interior of the Lax spectrum minus all the double main eigenvalues. An
important distinction between the defocusing and focusing cases is that,
in the former, the Dirichlet eigenvalues are confined to the (degenerate
or non-degenerate) band gaps, whereas in the latter they can also lie
in the interior of the spectral bands. (We will show examples of this.)

Definition 2.6. For each Dirichlet eigenvalue u, ¢ 2°(£), we define
v = —sgn(log |75 (L, p)]), with the signum function taken to be zero
when its argument is zero. For each y, € X°(L) we take v, = 1
if $op(Loyy) = p(uy) and v, = —1 if Foo(Lo ) = 1/p(u;). With this
definition, v, is such that jy, (L, u;) = p" ().
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Proposition 2.7. For any Dirichlet eigenvalue u;,
sits at a band edge, ie., y; € {{ )iz

v; =0 if and only if u;

Proof. Note first that, since det ¥(x,z) = 1, whenever j,(L, u ) =0
one has J, (L, u;)72(L, #;) = 1. The first part of the result then follows
because, at a band edge, j,,(L, z) + y,,(L, z) = +2, and the above two
conditions can only be simultaneously satisfied if 7;,(L, u;) = 75,(L, u;)
and both are equal respectively to 1 or —1, implying v; = 0. The second
part of the result follows because, by Definition 2.6, v; = 0 can only
happen when y; ¢ X°(L). But since |p(z)| < 1 for all z ¢ X(L), one can
only have |7,(L, upl=1 if u; € Z(L). Therefore, u; € Z(L)\ Z°(L) =
{Cktrez- O

Definition 2.8 (Fixed and Movable Dirichlet Eigenvalues). Let u € C be
a Dirichlet eigenvalue associated to the monodromy matrix M (z;x,)
with a given base point x = x,, Then we say that yu is a fixed Dirichlet
eigenvalue if y € X, (L;x) for all x € R. Otherwise, we say y € C is
a movable Dirichlet eigenvalue. We use /i, to denote either a movable
Dirichlet eigenvalue or an element of X°(L).

We are now ready to define the spectral data that will uniquely
determine the potential g(x). Specifically, excluding the trivial potential
q(x) = 0 from consideration, we define the spectral data associated to
the potential g as the set

S(@) 1= {Ep_1, Enpo figs Vi hi=g_....5, (2.23)

Next we introduce a few additional quantities that will appear in the
formulation of the Riemann-Hilbert problem in Section 4.

Definition 2.9. Let m, be the number of bands along I',. Then we
define w as some intersection in the following way:

(i) If my mod 2 # 0, let ny =0 and wy = I NR.
(i) If my mod 2 = 0, let n;y be the smallest positive integer such that
my mod 2 # 0, and let wy = I, NR.

Then let n; be the smallest integer greater than n, such that m,
mod 2 # 0, and let w; = I, nR. By induction, for j > 2, let n; be
the smallest integer greater than n;_; such that m, mod2 # 0, and
w; = I, nR. Similarly, for j < O let n;_; be the smallest integer

j
less than n; such that m, mod2 # 0, and w; = T, w NR. Finally,

j
let 't = I, nC* and fet g, the number of non-degenerate main

eigenvalues on It Additionally, for all n € Z, let

U nk’

where I'*, is taken to denote either a band or a gap on I'; depending on
whether k is respectively odd or even, with the first band from the top
to bottom denoted as F+|’ and F+ is the portion of I't extending out
to infinity. Correspondingly, in the lower half-plane we set I, I’:*

Fig. 1 is a cartoon showing a schematic representation of the
spectrum, the analytic arcs I,, etc. Concrete examples of the class of
potentials satisfying the above assumptions (and which can therefore
be treated with the present formalism) include the genus-zero constant
potential g(x) = Ael® with A > 0 and a € R, as well as g(x) = A dn(x, m)
(where dn(x,m) is one of the Jacobi elliptic functions and m is the
elliptic parameter [44]), which was studied in [45], where it was shown
that it is a finite-genus potential (with genus equal to 24 — 1) if and
only if A € N. We also believe that most of the finite-genus potentials
of the focusing NLS equation [12] will also satisfy the assumptions. See
also [46] for other genus-one potentials of the focusing NLS equation.
The example a constant (genus-zero) potential will be treated in detail
in Appendix A.4, whereas the example of the genus-one potential g(x) =
dn(x, m) will be treated in detail in Appendix A.5.

We end this section with a result that will allow us to simplify
the formulation of the Riemann-Hilbert problem for a large class of
potentials:



G. Biondini et al.

M4 I I M I3
34
r*
o 23
1
51
M3
. o3 M35 34
-
-11
w_q w0 w1
Maa _
Mo3 ~ M5 31
Ma
o1 -
M1 _
M23
24

Fig. 1. Schematic diagram showing a particular realization of the analytic arcs

Iy, non-degenerate main spectrum and the choice of branch cuts for r;,(z)

(in red) and for r, 14(2) (in blue).

Lemma 2.10. If the potential q(x) is real and even, the Dirichlet eigenval-
ues with base point x, = 0 are located at points of the main spectrum.

Proof. Recall first that, for any real and even potential, the symmetries
of the ZS problem allow the monodromy matrix M(z) to be written as

M(z) = A(2)] + c(2)o3 —is(2)0, , (2.24)

where [ and o, are the identity matrix and the second Pauli matrix
(e.g., see [45]). In terms of M(z), the Dirichlet eigenvalues are the
zeros of %[M” — My, + My, — M,] = i(c(2) + s(2)). Thus, the Dirichlet
eigenvalues are the points for which ¢(z) = —s(z). Next, note that, since
det M(z) = 1, (2.24) yields

22(2) =14 c*(2) - *(2). (2.25)

The main spectrum is therefore located at the points for which c2(z) =
5%(z). We then see that each Dirichlet eigenvalue must coincide with a
main eigenvalue. []

3. Modified Bloch-Floquet solutions, asymptotics and infinite
product expansions

Some additional results are needed in order to formulate the in-
verse spectral theory. Specifically, we need to control the asymptotic
behavior of relevant quantities as z — co.

Lemma 3.1. If ¢ € C*([0, L],C), then for all z € C the fundamental
matrix Y (x, z) has the following asymptotic behavior as z — co:

Y(x,2) = [1 + isg,l([q](x)

L 0 q(x) — q(O) e—2izx 2 —izxo

+2iz <q*(x) — g (0) e 0 ) +0(1/z )] e £l
3.1

where for brevity we defined

Kialw = [ la@Paz. 3.2
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The proof of Lemma 3.1 is obtained following identical methods as
in [36,41], and is therefore omitted for brevity. As already mentioned
earlier, for simplicity in this work we will always assume that ¢ €
C%([0, L], C) unless explicitly stated otherwise. It is straightforward to
show that the asymptotic behavior of Y(x, z) in Lemma 3.1 implies the
following:

Proposition 3.2. The Floquet discriminant A(z) has the following asymp-
totic behavior as z — co:

L
Az)= Lemiel (14 L / oPdx+o( L)),  zect. @33)
2 2iz Jy z2
Next we introduce a family of Bloch-Floquet solutions of the mod-
ified ZS problem (2.18), that is instrumental in the formulation of the
inverse problem:

Definition 3.3. Define yw*(x, z) as the Bloch-Floquet solutions of the
modified ZS problem (2.18) uniquely determined by the conditions

wEGx+ L, 2) = o (2w (x, 2), wi(0,2) = L. (3.4)
Also, define ¥(x, z) as the matrix Bloch-Floquet, given by

Y(x,2)=(v¥,w*), zeCH\R. (3.5)

The following propositions are proved in an identical way as in the
self-adjoint case [36]. We therefore omit the proof for brevity.

Proposition 3.4. The Bloch-Floquet solutions y=*(x, z) defined by (3.4)
are given by

P (2) - (L, 2)
W)’z(& z), (3.6)

wE(x, z) = i (x,2) +
where Y (x, z) = (5}, 7).

Proposition 3.5.
behavior as z — oo:

Ve L (kw2 79779 Y o0/
_i 2iz \ i 2iz i(g"(x)+q"(0)

For all x > 0, w~(x, z) has the following asymptotic

xe ¥ zeCt,
A I 1 0
D=L (D ka2 (7 Y yoasz
i 2iz \ { 2iz \ (q(x) + q(O))
x el | zeC™,

3.7)

with K[ql(x) as before. Similarly, w*(x,z) has the following asymptotic
behavior as z — :

1 1 (1 1 q(x) — q(0) 2
- — K —_ O(1
[(r) iz (r) 0t 3iz (—i(q<x>+q<0>>> roar )]

o] X zEC
Yy (X,z)=
1\, 1 (1 | [ ¢@-qO ,
+ = KIql(0) + 5= +0(1/2%)
[(—i> 2z <—i) 2iz (i (q*(x>+q*(0))> ]
X e—izx , ze C- ,

(3.8)

As in [36], the significance of the Bloch-Floquet eigenfunctions is
that their asymptotic behavior as z — oo allows one to uniquely recover
the potential g(x). Indeed, it is straightforward to see the asymptotic
behavior in Proposition 3.5, together with the definitions (2.16) and
(3.6), yields:

Corollary 3.6. The matrix potential Q(x) of the Dirac operator (1.2) can
be recovered as

O(x) = lim iz[oy, U ¥ (x, z)el>3]. (3.9)
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where

U=(1/\/§)U"=%<l i).

L (3.10)

On the other hand, similarly to the self-adjoint case, (3.6) implies
that y*(x, z) are singular at the Dirichlet eigenvalues y;. These singu-
larities can either be removable or simple poles, as discussed in the
following two propositions:

Proposition 3.7. If v; = 0, both vt (x,z) and y~(x, z) remain finite at
zZ =y

Proof. When v; =0, from Definition 2.6, we have p(u;) = 1/p(y;) = 1.
By Lemma 2.5, it follows that y;,(L, ;) = p(u;) = 1/p(u;) = 1. This
implies that u; is a zero of both j,,(L, z) and p*1(z) — 71, (L, z). Thus,
by (3.6) and Condition (ii) of Assumption 2.4, w* remains finite at
Hj- |

Proposition 3.8. If v; = 1, then w™(x, u;) is finite, while vt (x, z) has
a simple pole at u;. Conversely, if v; = —1, then w*(x, u;) is finite, while
v (x,z) has a simple pole at u;.

Proof. We prove the case when v, = 1, the case with v; = -1
follows analogously. By Definition 2.6, we have §,,(L, uy) = p(py) =
1/9,1(L, up.), indicating that u; is a zero of both 7,,(L,z) and p~!(z) —
711(L, z). Consequently, y~(x,z) is finite at 4; and w* has a pole at

Hj- O

The last ingredient needed in order to formulate the inverse problem
are infinite product expansions for various relevant quantities:

Remark 3.9. Using the asymptotics in (3.1) and the corresponding
expressions for the entries of ¥ (x,z) (which are omitted for brevity
but can be obtained in a straightforward way from (3.1)), one can
prove that A(z), and y,,(L,z) are entire functions with order 1, as
in the self-adjoint case [36]. Thus, Hadamard’s factorization theorem
(e.g., see [47,48]), allows us to write 4%(z) — 1 and j,,(L,z) as the
following infinite products: if u, # 0 and ¢, # 0,

F1o(L, z) = eM17+B H <1 - i) ek, (3.11a)
JEZ Hj
B
Az(Z)—1=6A2Z+BZH<1_i> <1_ z >CZ(§2/'+§2/’1)~ (3.11b)
iz <y $rj-1
If 4y =0, (3.11a) is replaced by
Jia(L, z) = zet1=+ B H(l - i) ehi. (3.12a)
Hj

7#0
From [43] (specifically, see Lemma 5.4 and Appendix C), the above
canonical products could also be written as

;i —z
. =-] =, (3.13a)
JEZ 7
(& — 2)(&j-1 — 2)
A2(Z)_1=_H—§ZI C;’ S (3.13b)
= z;
where 7; is defined as
. 20
A (3.14)
1, j=0.

4. Inverse spectral theory for the periodic non-self-adjoint
Zakharov-Shabat problem

We are now ready to begin formulating the inverse spectral theory.
The starting point is the matrix Bloch-Floquet eigenfunction ¥(x, z)
in (3.5). One would like to formulate a Riemann-Hilbert problem for
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¥(x,z). As in the self-adjoint case, however, there are two complica-
tions: (i) The columns y*(x, z) of ¥ (x, z) have a possibly infinite number
of poles; (ii) det¥(x,z) # 1. As in [35,36], both issues can be “cured”
by introducing a suitable matrix B(z) as discussed below. An additional
complication compared to the self-adjoint case, however, is that, in the
non-self-adjoint case, the discontinuities of ¥(x, z) are not limited to
the real z-axis.

Definition 4.1. Let the 2 x 2 matrix-valued function B(z) be defined
forallze C\ 2(£) as

S .
B(z2) = b(2) {1 diag(f~, /%), ze€CT\ 2(L), 1)
diag(f*,f7), ze€C \Z(L),
with
0 ,\1/2
bz = 0D i

(&) - DA

and where f%(z) and f*(z) are defined as

U, — 2z H, — 2 H;, —Z
Po=-11=-. reo=[1—. re=I] .
v=o i v=i T vi=—1 i

(4.1¢)

One can show that each of the infinite products in (4.1c) is conver-
gent for the same reasons that those in (3.13) are (e.g., see [43]). Note
also that

FinL,2) = '@ () f (). (4.2)

Note also that, since B(z) involves (f%(z))!/2 and ry4(2) = (4%(z)-1D)1/4,
in order to define it uniquely (and formulate the Riemann-Hilbert
problem), one must introduce a proper choice of branch cut for these
quantities. We do so below. In the meantime, however, we have:

Proposition 4.2. The matrix B(z) is completely determined by the spectral
data S(q) defined in (2.23). Explicitly:

o= e i (4.32)
z)=— , .
v;=0 (Ezj - Z)(Ezj_l —-z) e (Ezj - Z)(Ezj_l —-z)
& -z £y -z
reo=1=—. roe=J]-~ (4.3b)
=R Jj=g~ J
vj=1 vi=-1
Proof. By direct calculation, we have
—7)2 2
P | U b i
ij=0(§2j —2) (&1 — 2) V40 (Eyj — 2)(Eyj_y — 2)
1 Gty — 2)* frf )
v;=0 (E2j - Z)(EZj—l —-z) V20 (E2j - Z)(Ezj_1 -z) '

where in the last equality we used the fact that all real Dirichlet
eigenvalues coincide with the double main eigenvalues ¢;, allowing
them to cancel each other in the first fraction. [

Proposition 4.3. The matrix B(z) defined in (4.1a) satisfies

V1oL, 2)
(4% - 1)1/2 ’

Moreover, if q(x) is real and even, B(z) is proportional to the identity matrix.

det B(z) = F ze C*. (4.5)

Proof. The first part of the result is obtained by straightforward calcu-
lation. For example, for z € C*, we have det B(z) = —f%(2) f*(2)f ~(z)/
(42(2) = D12 = —,,(L, z)/(4%*(z) — 1)'/2. The second part of the result is
a consequence of Lemma 2.10. Indeed, the lemma immediately implies
that, if g(x) is real and even, f*(z)=1. [
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Next we define the branch cuts for (f°(z))!/? and r, /4(z) and in-
troduce all the quantities that will eventually appear in the Riemann—
Hilbert problem.

Definition 4.4. Let m, be the number of bands along I, and g, be the
number of non-degenerate main eigenvalues as defined in Definition
2.9. Without loss of generality, we fix the choice of branch for r, 12(2)
such that ry /4(z) > 0 as Imz — co on Ij. Then we uniquely define the
complex fourth root r; 4(z) so that:

1. If m, = 1, then the whole band is a branch cut. If m, # 1, then

I, \ (UL‘ZS”F;?%) is the branch cut, where [x] denotes the floor

function.
2. r1y4(2) = AY2(2)(1 + o(1)) as | Im z| — co.
Further, let @(x, z) be the sectionally analytic 2 x 2 matrix defined as
®(x.2) = %U‘l ¥(x,2)B(2)e?, zeC. (4.6)

Also, let V(x, z) be the 2 x 2 jump matrix defined as

(~1yMi@+ <f/f+ 0 )
0 VS

(~ME (f_/f+ 0 >
0 AV

zZEQ,

zeR\ Q,

V(x,2) = { (=MD (—iykeizx6s <f‘3f+ f+éf) , z€ Fn’fk, k odd,
(~DMOEF, zerl?,. keven,
(= 1YM; @ik izxes <f+3f‘ f(/)/”), zel,,, kodd,
(=DM @4k, zeT,,, keven,
(4.7)

where Q = Uy, @yy,i] and €953 A = /%9 Ae™9% for any 2 x 2
matrix A.

The quantities M in (4.7) are defined as follows. Let s be the
number of Dirichlet eigenvalues ;i in I'f, with v = 0 on the band
edges. Label the intersection of I't and the real axis 5y, and label
the uppermost band edge on I’} as r,. Starting at ,,; and moving
towards infinity along I'f, label these ji as #;,#,_;,...,n; in the order
they appear along the curve. Define y,,, as the partial arc of I’ between
1, and #,,,. Then

M (z) = p, ZE Yy (4.8)

Define M in the same way as M, but using I'; instead of I'f. Label
all corresponding points along I, as #_y,H_g 1, ---»H_1 o

Define M,, by labeling the intersections of I', and the real axis as
&,, and then

-1

Y (M @+ M @), €16l n<=2
s=n+1
M, (2) =40, 2 € [ St )s n=-1
D (MEE)+ M (&), €6 lul,  n20.
5s=0

(4.9

To explicitly express the jump contour for the RH problem, we define
I as
Gy
F=r\(|J r4vr.), (4.10)
n=G_

where I is defined in (2.11).

The above choices of branch cuts imply
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Proposition 4.5. With the above choices of branch cut, r, 142 =
"A(2)|">(1 + 0(1/z)) as | Imz| - co along T,.

Proof. Let z = x+iy. From Proposition 3.2 we have that A(z) ~ cos(zL)
as |y| » oo, where as usual “~” denotes equality up to higher-order
terms. Therefore, as |y| — o, ry4(z) ~ cos'/2(zL) = (cos xL cosh yL +
isinxLsinh yL)!/2 ~ cosh'/?(yL)e*L/2, This completes the proof. []

Most importantly, the above definitions allow us to obtain the main
result of this section, namely:

Theorem 4.6. The 2 x 2 matrix-valued function ®(x, z) defined by (4.6)
solves the following Riemann—Hilbert problem:

RHP 4.1. Find a 2 x 2 matrix-valued function ®(x, z) such that

1. @(x, z) is a holomorphic function of z for z€ C\ I.

2. The non-tangential limits @, (x,z) of @(x,z) to I are continuous
functions of z in I'\{ E,}, and have at worst quartic root singularities
on {E; }.

3. @, (x, z) satisfy the jump relation

D, (x,2) = D_(x,2)V(x,2), zel, (4.11)
where V (x, z) is given by (4.7), and T is given by (4.10).

4. As z - oo, D(x, z) has the following asymptotic behavior
D(x,z) = (I +0(1/z)) B(2), (4.12)

with U as in (2.17) and B(z) as in (4.1a).
5. There exist positive constants ¢ and M such that |¢;;(x,2)| < M eclal?
forall z € D.

Proof. We prove each item separately.

Item 1. It follows from (3.6) that w* are meromorphic functions of z for
z € C\ X(L), so that ¥(x, z) is meromorphic in C\ X(£). From (4.1a), we
can derive that @(x, z) could only be singular on {y;} and {{;}. Then
®(x, z) is a holomorphic function of z for z€ C\ I.

Item 2. From the definition of the Bloch-Floquet solutions (3.6), we can
derive that ¥, (x, z) can only be singular at the Dirichlet eigenvalues y;.
From (4.6) and (4.1a), we also get that @_ (x, z) can only be singular at
u; and ¢;. We will now prove that @, cannot be singular at y; unless
u; = E; for some k. We will discuss three different cases: v; = +1 and
v; = 0. We will first examine the behavior at z = y; then use the two
to one map between ¢ and u to examine the behavior at z = ;.

Suppose that v; = 1, which is only possible when u; = ji; for some
k. By looking at the definition of v;, we can derive that y;,(L, y;) =
p~1(u;). Then p~'(z) - 5, (L, z) is holomorphic in a neighborhood of ;,
and u; are the zeros of p~'(z) — 7,,(L, z). For z € C*, we have

D(x,2) =1b(z) (W~ f7, whfT)e=. (4.13)

For the first column, the zeros of p~'(z) — j,,(L, z) at u ; cancel the
zeros of j, at u;. For the second column, the zeros of f* cancel the
singularities of y*. Therefore ¥, is nonsingular at u;. We reach the
same conclusion for z € C~ by the same method.

Next, since u; = ji; for some k, the two to one map from ¢ to u
means that the two corresponding {; must be E,, and E,;_;. Once again
looking at (4.1a), we see that the only singular contribution to @, is at
z = Ey and E,,_; from the boundary values of r| ,(2).

Now suppose v; = —1, which is once again only possible when
u; = i for some k. We have j (L, ;) = p(u;). Then p(z) — j,,(L, )
is holomorphic in y;’s neighborhood, and u; are the zeros of p(z) —
J11(L, z). Using the same method as for v = 1, we see that @, are
nonsingular at y; and has quartic root singularities at E,; and E,,_,

Lastly suppose that v; = 0. This can happen in two scenarios: a
Dirichlet eigenvalue is in a degenerate gap (4; = §; = §;_y) or a
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Dirichlet eigenvalue is on a band edge (4; = jiy = Ey or y; = jy =
E,,_, for some k). We examine the former first.

If v; = 0 then p(u;) = p‘](ﬂj) = +1. Therefore y; are the zeros of
both p(z) — 7,1(L, z) and p~'(z) — j;,(L, z). Looking at ¥, , the zeros of
p(z) — 311(L, z) and p~1(z) — 7;,(L, z) at u; cancel the zeros of j,,(L, z)
at u;. Furthermore, when u; = {,; = {;;_, the square root zeros of
(fO2 at p; cancel those of r1/4(2) at &; = &,y In this case, ¥, (x, 2)
is nonsingular at z = ;.

Now let y; = ji; = E, for some k. In this case we still have v; =0
and ¥, is still nonsingular at ;. Examining the coefficient of the matrix
B(z) in (4.1a), we see that (f°)!/2 has a square root zero and r14(2)
has a quartic root zero at y;. This leads to a quartic root zero in the
numerator which is not a singularity. However, at E,,_;, there is no
zero in (f°)!/? meaning there is a quartic root singularity at z = Ey,_,
when y; = E,,. Likewise, there is a quartic root singularity at z = E,;
when u; = Ey_;.

Item 3. Recalling the definition of p(z) in Section 2, we have that the
discrepancy between the boundary values of /42 —1 on the branch
cut (L) is

D=9, l@=p_(2), zEZQL). (4.14a)
Therefore,

Y, (x,2)=Y_(x,2)01, z€Z(L)\R. (4.15a)
Y, (x,z)=¥_(x,z), z€R. (4.15b)

As a result, we see that the jump matrix V' (x, z) takes the form

V(x,z) =e %3 (B_) g, B, el¥3, ze I(L)\R,

h@pe@ s O FHS )

s zx63 , C (L),

o) p_(z)e (f_/f+ 0 > zeC nX(L)
| h@p@ e 0 FIf )

a2 axs . zeC nxP),

o) p_(z)e (f*'/f‘ 0 > zeC nX(L)

V(x, Z) — efizxo'f, (B_)71B+eizxa3’ ze R,

= 'h_(z) p+(z) —izx6 f_/f+ 0
_1h+(z)p_(z)° 3< 0 f+/f‘>’ zeR.

where p(z) and h(z) are defined as

r@=|[]w@-2| . (4.16a)
e
1
g+
h(2) = [ Exer = )y - 2) (4.16b)

k=g~

On the real axis, we have

O _ i sel TG ]
h+(z) =-1 z Wk Wok411s h+(z) =1, 2z Wk 1> Togy2l-
(4.17)
On the analytic curve I, we have
h@ .
=(F)r, zer=*. 4.18
) &' zel;, (4.18)

Putting everything together, we obtain the jump matrix explicitly as
in (4.7).

Item 4. From the asymptotic behaviors of y*(x, z) in Proposition 3.5,
we have

Y(x,z) = (\/EU + O(l/z)) - T (4.19)
Thus, recalling (3.10), we have
U ¥(x,2)e% = I +0(1/2), zZ—> (4.20)
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for z € C, which implies (4.12)

Item 5. The proof of item 5 is the same as the proof for the defocusing
NLS equation, and is therefore omitted for brevity. Details can be found
in [36]. O

Lemma 4.7. If &(x, z) solves the RHP 4.1, then det ®(x, z) = 1.

Theorem 4.8. For any fixed x € R, the solution of the RHP 4.1 is unique.

Corollary 4.9. The potential matrix Q(x) of the Dirac equation is obtained
from the solution of any solution ®(x, z) of RHP 4.1 by

0(x) = lim iz |03, @(x,2)B7!(2)] . (4.21)
The reconstruction formula for Q(x) in (4.21) follows from (4.6) and
(3.9). The proofs of Lemma 4.7 and Theorem 4.8 are once again the
same as in the defocusing case [36]. For completeness, however, the
proofs are presented in Appendix A.3. A feature in the non-self-adjoint
(focusing) case that is not present in the self-adjoint (defocusing) case
is the possibility of a Dirichlet eigenvalue lying on the interior of a
spectral band. (Note that, due to the symmetry (A.7) this phenomenon
can only happen off the real axis, see Appendix A.1.) This situation is
already accounted for by the formalism, as briefly discussed next.

To see what happens if a Dirichlet eigenvalue lies inside a band,
it suffices to look at Definition 2.6 of v, as well as that of the Bloch
Floquet solutions (3.6). When there is a Dirichlet eigenvalue u on the
interior of a band, then ,,(L, u) and ,,(L, ) are complex conjugates
with magnitude 1. By 2.6, this implies that v = 0 for this Dirichlet
eigenvalue. For all other Dirichlet eigenvalues, v = 0 implies that y*
have no pole there, by Proposition 3.7. However, when yu lies in the
interior of a band, y,,(L, #) and y,,(L, u) are not equal to +1, per the
above considerations, implying that there is indeed a pole for either y*
or y~. The resolution to this complication is to first identify whether
F11(L, u) or $,(L, ) equals p(u), which determines whether w*(x, z)
or w~(x,z) has a pole at z = p. From there, one then removes this
Dirichlet eigenvalue in f°(z), instead placing it in either f*(z) or f~(z),
in order to eliminate the pole from the Riemann-Hilbert problem.
A concrete example of this situation is discussed in Appendix A.4.

5. Time dependence, initial value problem for the focusing NLS
equation with periodic boundary conditions

In this section we show how the results of Sections 2, 3 and 4 can
be used to solve the initial value problem for the focusing NLS equation
with periodic BC, namely

q(x+ L, 1) = q(x,1). (5.1)

To construct a Riemann-Hilbert characterization of periodic solu-
tions of the focusing NLS equation with infinite-gap initial conditions,
we recall that the Lax equation of the focusing NLS equation (1.6)
associated with the Lax pair (1.7), which can be derived from the zero
curvature condition X, — T, + [X,T] = 0 in a straightforward way, is

L,=[A,L], (5.2a)
with £ as in (1.2) and
A = 2030 +2iQ030, — i(Q* — Q)03 . (5.2b)

It is well known that, if the potential g of (1.1) evolves according to
the NLS equation (1.6), the Lax spectrum X(L) of the ZS problem is
invariant in time (which is easily proven by showing that the Floquet
discriminant A(z) is time-independent). On the other hand, the movable
Dirichlet eigenvalues are time dependent, and so are the Bloch-Floquet
eigenfunctions. Thus, in order to construct an effective time-dependent
Riemann-Hilbert problem, one must determine the time evolution of
the Dirichlet eigenvalues and of the Bloch-Floquet eigenfunctions. We
turn to these tasks next.
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Proposition 5.1. For all n € Z, the Dirichlet eigenvalues u, () satisfy the
ODE

Iy (1) Pl () — p~ (1, (1))
o Vn(’)q(ﬂ,,(f))W. (5.3a)
where

¢(2) = =227 +i2(¢* (0,1) + (0, 0) + (0. DI* + 5 (30, 1) = 4,(0,1)) . (5.3b)

Proof. Recall that the Dirichlet eigenvalues are poles of the modified
Bloch-Floquet solutions, which, in turn, are defined via (2.16). The
transformation (2.16) yields the modified Lax equation

£, =1A4,£1, (5.4a)
with
£=Ucu™', A=U0AU"". (5.4b)

Recall that y, is a Bloch-Floquet solution of £, ie., £j = zj,.
Differentiating both sides with respect to t, we have £, + £, = zj, ,
which, combined with the modified Lax equation (5.4a) implies

LGy, = AFy) = 250, = A). (5.5)
Therefore, for fixed ¢ and z, there exist constants ¢, and ¢, such that
i = AVr =13+ 0F (5.6)

The normalization condition of Y (x, z) at x = 0 gives that ,,(0,1,z) =
$20.4(0,1,2) = 0, so we obtain

(e1.e)" = —A75,0,1,2). (5.7)
Moreover, the modified Eq. (2.18) also implies
Foxx(x,1,2) = —iZUU3U_] Fox(x,1,2) + UQ(x, Hu~! Fox(x,1,2)

+UQ (. NU™' Jy(x,1,2), (5.8)
and therefore
A5y (x,1,2) = =2122U 03U~ 55 (x,1, 2) + 22UQU " 35 (x, 1, 2)

—iU(Q* + 0,)03U ™ 5y (x,1, 2). (5.9)
Evaluation at x = 0 yields
¢ = —22% +1iz(g* (0, 1) + (0, ) + |q(0, z‘)|2 + %(qi(O, 1) —q,(0,1)), (5.10a)
&2 = 20,0 = 4°0.0) + 10,0 = 4,0,1).

Inserting (5.9) and (5.10) into (5.6) and evaluating (5.6) at x = L and
z= ”n(t); we get

Fra (Lt 1, (1) = €1 (uy () (F11 (Lo 1, 1, (1)) = Fra (Lo 1, p1,(1))) -

At the same time, differentiating the expansion (3.11a) in t we have

ZHp (1) 2 7 z ol
F1p (L, 1, z) = eMZ+B1 — e = 1-— et | |
12,0 Z 710 Uy () H ()

(5.10b)

(5.11)

ne’z J#n
(5.12)
whereas differentiating (3.11a) in z we have
- _ A z+B z :Tr)
V,(L,t,z) = Aje” 1= (1— )e‘f
12 1 g 10,
Ajz+B z s z o]
+ eA17+B) - & Hn() <1 - > et . (5.13)
,,ezi [ H2(®) ,1;[ (0 ]

Evaluating (5.12) and (5.13) at z = p,(t) gives J,,(L.t, u,(1)

—;4,,’,(1);7"2(L, t, u,(1). Therefore, we can express u,,(t) as:

_flz,x(La” Hn(1) _ 1 (U (D) I (L, 1, p, (1) — 11 (L 1, 1, (1))
Vi (Lt 1y (1) )7’12(L, 1, u, (1))

which yields (5.3) upon substituting ¢; via (5.3b). [

Mn,t(t) =

5
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Proposition 5.2. The time-dependent Bloch-Floquet solutions w*(x,1, z)
satisfy the ODEs

W (x,1,2) + a=(t, 2y E(x, 1, 2) = Aw*(x, 1, 2) (5.14)
where

a*(t, z) = 2(q(0,1) — ¢*(0,1)) + %(q,m, 1) +q°(0,1)

+ <2z2 —iz(q"(0,1) + q(0,1) = 9(0, 0> + 34,0,1) = 54%(0, r))w;(o, 1,2).

(5.15)
As a result, as z — oo we have
+2iz2 + 0(1/2), e CH,
ot = +2iz (1/z) z (5.16)
F2iz2 + 0(1/2), zeC .

Furthermore, if v,(t) = 1 then a™ (¢, z) has a simple pole at p,(t) with residue
—t,,(t) and if v, = —1 then a~ (¢, z) has a simple pole at u,(t) with residue
—/zl,,’,(l).

Proof. For each 7, we can factor the normalized Bloch-Floquet solu-
tions w*(x,t, z) as

w12 = pt et 20 2), w2 = p (2 (). (5.17)

Differentiating (£ — z)y* = 0 with respect to ¢ and using the modified
Lax equation imply that

Lot + Lyl — 2yt = [A Llw™ + Ly — 2y} = (£ - 2w} — Ay™) =0.
(5.18)

So y/,+ — Ayt solves (2.18) for all ¢ > 0. Therefore, it can be written as
a linear combination of y=*:

prp¥ ()= Aptp¥/t(2) = —at (1, 2)p" ! E(2) — BH (. 2)p” p T E(2), (5.19)

where a™(¢,z) and p*(¢,z) are some undetermined functions indepen-
dent of x. Recall that |p(z)| < 1 Vz € C\ 2(£). Evaluating the LHS and
RHS of the above equation as x — oo, every term decays exponentially
except the last one. Therefore, in order for the equation to hold, one
needs B*(s,z) = 0. Hence y* solves (5.14) with the plus sign. An
analogous argument, but now taking the limit as x — —oo, shows
that y~ solves (5.14) with the minus sign, for some a~(z, z). Next we
derive (5.15) and (5.16). To do so, we evaluate the first component
of (5.14) at x = 0. Since y/li(O, t,z) = 1 for all time, we have Wft(o, t,z) =
0. Therefore (5.14) yields

o (t,2) = (Ap®),(0,1,2). (5.20)
From (5.9) we have that
Av = 2iz’Uc U v +2z200QU v —iU(Q? + 0,)o3U v (5.21)

Explicitly, the first component of the above equation is

(Av), =222 v,+2 [(—q*+q) U,—i(q*+q)vz]+% [(q;"'qx) vl+i(2|q|2+q;—qx)vz] .
(5.22)

Letting v(x,t,z) = w*(x,1,z), evaluating (5.22) at x = 0 recalling
that (3.6) evaluated at x = 0 yields w;"(0,7,z) = 1 and y;(0,1,2) =
(p%! = 71,(L,t, 2))/F15(L, t, z), (5.20) then yields (5.15). []

Next, we will introduce an auxiliary function e*(7, z) to set up the
time-dependent Bloch-Floquet solutions. Let e*(, z) be solutions of the
differential equation ef (1, z) = a*(t, z)e (1, z) with the initial condition
e*(0,z) =1, i.e.,

‘
e*(t,z) = exp (/ a*(r, z)dr) .
0

The functions e*(, z) satisfy the following properties, the proof of which
is essentially identical to that in the defocusing case, and can be found
in [36]:

(5.23)



G. Biondini et al.

Proposition 5.3. The functions e*(t, z) satisfy the following properties:

1. e*(t,z) are meromorphic functions in C \ X(L).

2. e*(t, z) has simple poles on 4, (0) as v;(0) = 1 and simple zeros on
fi (1) as v (t) = 1; e~ (1, z) has simple poles on ji,(0) as v, (0) = —1
and simple zeros on ji, (1) as v, (1) = —1.

3. e*(1,z) both have square root singularities at 4, (0) when v, (0) = 0
and square root zeros at ji,(t) when v, (t) = 0.

4. The boundary values e of e* satisfy e%(t,z) = ¥ (t, z) for z € Z(L).

5. For fixed t, e* have the following asymptotic behaviors as z — co:

. {eﬁi*f(l +0(1/z)), zeC*
e*(t,z) =

_ . 5.24
2211 + 0(1/2)), z€C™ 24

6. There exist positive constants ¢ and M such that |ex(t, z)| < Me<l?I*.

Thanks to the properties of e*(z,z), we proceed to introduce the
time-dependent solutions and the time-dependent jump matrix for the
RH problem. Define

yE(x,t,z) = wE(x, t,2)e(t, z). (5.25)

Then y*(x,1, z) satisfy the system of equations £yy* = zy* and W=
A=, for which the modified Lax equation (5.4a) serves as the com-
patibility condition. Note that the factors e*(t, z) in Eq. (5.25) have the
effect of shifting the singularities of y*(x,7, z) from those of y*(x,1, z)
to those of the Bloch-Floquet eigenfunctions at time zero, y*(x,0, z).

Definition 5.4. Let V(x,t,z) be defined by

] A zeQ
o s ’
-7+
(—1)M,,<z>[f (/)f ff/)f_]’ zeR\Q,
g +/
Vnnz) = (—1>M:(z>(—i>kei(zx+2z2nfa[ (/’+ Fris ] zert. kodd,
v 0 ’
(=DM (=K, z€T/, keven,
-/t
(—1)Mn<Z>i"e-i<zx+2z2~&s[ +(/) f (/) f ] zeI;,. kodd,
AV ’
(=M @ik zeT;,, keven,
(5.26)

with M, (z) and MZ(z) still the counting functions (4.8)-(4.9), and let
the matrix-valued time-dependent Bloch-Floquet solution ¥(x,t,z) be
defined as in (3.5) but with y/;—' replaced by ni/j—, as defined in (5.25).
Finally, let &(x, 1, z) be given by

B(x,1,2) = QUY " ¥(x,1, z) B(z)elzxor+2iz0s (5.27)

Theorem 5.5. Let g(x, t) be the solution to the focusing NLS equation (1.6)
with smooth initial data q(x,0) = qy(x), and let X(q,) denote the spectral
data corresponding to the Dirac operator associated with q(x). Then, there
exists a unique solution & to the following Riemann—Hilbert problem:

RHP 5.1. Find a 2 x 2 matrix-valued function ®(x,1, z) such that

1. &(x,t,z) is a holomorphic function of z for z € C\ I.

2. The non-tangential limits &, (x,t, z) are continuous functions of z in
[\ {E,}, and have at worst quartic root singularities on {E, }.

3. &_(x,1,2) satisfy the jump relation & (x,1,z) = ®_(x,1,2)V (x,1,2),
with V (x,1, z) given by (5.26).

4. As z - oo with z € C, d(x.1,z) has the following asymptotic
behavior

d(x,1,z) = (I +0(1/2)) B(2). (5.28)
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5. There exist positive constants ¢ and M such that |, (2| <
Ml forall zeD.

Theorem 5.5, namely the fact that, for fixed x,t € R, the solution
of RHP 5.1 is unique, is proved via exactly the same arguments used
to prove Theorem 4.8 in Section 4 [namely, the fact the solution of
RHP 4.1 is unique], see Appendix A.3. For brevity, we therefore avoid
repeating the proof.

Finally, the matrix Q(x, ) associated with the solution ¢(x, ) of the
NLS equation (1.6) is given in terms of the solution @(x,1,z) of RHP 5.1
by

0(x.1) = lim iz{o;, &(x,1,z)B71(2)]. (5.29)

6. Concluding remarks

In summary, we have presented the formulation of the direct and
inverse spectral theory for a non-self-adjoint Dirac operator via a
Riemann-Hilbert approach that remains valid in the infinite genus case,
and we showed how the formalism can be used to solve the initial value
problem for the focusing NLS equation.

Compared to the solution representation obtained via the trace for-
mulae (e.g., see [34]), the present formalism allows one to recover the
solution by specifying the value of a single set of Dirichlet eigenvalues
(as opposed to two) at a single base point. Also, compared to both the
trace formulae and the solution representation obtained via the algebra-
geometric approach (e.g., see [12]), the present formalism allows for
the rigorous analytical treatment of infinite-genus potentials.

We believe that the results of this work will lead to several applica-
tions in the future, including but not limited to the efficient numerical
calculation of finite-genus solutions with large genus (using similar
methods as in [49] for the KdV equation), and the rigorous theory of
soliton gases for the focusing NLS equation.

One immediate avenue for further study will be to establish a
precise connection between the RHP in the present work for the finite-
genus case and the RHP for the finite-genus solutions in (e.g., see [50]).
We believe that a useful tool in this regard will be a transformation
to move the poles of associated with the Dirichlet eigenvalues to the
endpoints of the spectral bands, similarly to what was done in [49] for
the KdV equation.

Another interesting avenue for future work will be a further exten-
sion of the formalism to remove some of the conditions in Assumption
2.4. For example, recall that, in Assumption 2.4, we asked that all I,
intersect the real axis. Next we briefly discuss the modifications that
one would need to make in the formalism to remove that assumption.
There are three separate situations that need to be considered:

1. The first case that needs to be discussed is that of an arc I', located
entirely in either the upper or lower half plane and which does not
intersect either with the real axis nor any other I,. In this case, the
branch cuts for p will be defined in the same way along the spectral
bands, while the square root and fourth root branch cuts needed for
B(z) in (4.1a) need to be modified. However, there is no guarantee that
there will be the correct number of branch points along this I', to allow
these square root and fourth root branch cuts to be entirely contained
on I,. To resolve this issue, one can run the branch cuts from any point
on the leftmost spectral band on I, to the real axis and along the real
axis to the point at infinity. A segment would need to be added to the
jump matrix V(x, z) (4.7) to account for these cuts, its behavior similar
to when k is even. Note that due to symmetry and the fact that bands
not on the real axis must have a finite length, there must be an even
number of fourth order branch points in the upper half plane and the
same number in the lower half plane and the jump across the real axis
due to the fourth order branch cuts will not be affected. The square
root branch cuts brought about by Dirichlet eigenvalues on the band
edges (which lack symmetry) can affect the jump across along the real
axis, but that is easily handled by a counting function similar to M*
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in (4.8) and M,, in (4.9). The only required change is that ME follows
the cut from the real axis to the leftmost point of the left most spectral
band and follows I, right to the rightmost of the right most spectral
band.

2. The second case that needs to be discussed is that when an I,
intersects another arc I, in such a way that no spectral bands intersect
each other. In this case, the two intersecting arcs can be treated as two
arcs that do not intersect any other I',, and the modification described
above can be used to define square roots, fourth roots and calculate the
required jumps.

3. The third and final case to be discussed is that when an arc I,
intersects another arc I, in such a way that spectral bands do intersect
each other, resulting in a curved “cross” figure in the complex plane.
For obvious reasons, this can only happen when one of these two arcs
does not also intersect the real axis. Let I}, be this arc. In this case,
any other spectral bands along the two intersecting arcs can be treated
as above, while the cross configuration is treated as a part of I},,. In
this case, we define the terms “below” and “above” such that “below”
denotes any locations along the branch cut for that I',, between the real
axis and the intersection point of the cross, while “above” denotes any
locations on the other side of the intersection point of the cross. With
the terms above and below defined as such, the jump of any quantity
above the cross due to fourth order branch cuts is unchanged, while the
jump of any quantity below the cross due to fourth order branch cuts
is changed by a factor of —1. The jump on the arms of the cross due
to fourth order branch cuts is i in the lower half plane and —i in the
upper half plane. The modifications required for the counting functions
M are conceptually simple. Every cross adds two band edges that a
Dirichlet eigenvalue could reside on, which would result in square root
branch cuts. These branch cuts would follow the arms of the cross to the
intersected I', and move down to the real axis along which it would run
to infinity. The jump along segment this branch cut runs would simply
need to be changed by a factor of —1.

Finally, we also hope that this new formalism will make it possible
to establish a more direct limiting connection between the problem
on the line and that with periodic boundary conditions, as well as
to use rigorous techniques of asymptotic analysis such as the Deift—
Zhou method [11] to compute semiclassical limits and advance our
understanding of the behavior of solutions with periodic boundary
conditions. We hope that the present work and the above discussion
will spur further work on these and related topics.
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Appendix

A.1. Basic properties of the spectrum

The spectrum of the non-self-adjoint Dirac operator (1.2) is con-
siderably more complicated than in the self-adjoint case. Here we
prove some basic properties that are used in the rest of the work. The
following proposition is straightforward:

Proposition A.1. The fundamental matrix solution Y (x,z) and modi-
fied fundamental matrix solution Y (x, z) satisfy respectively the following
symmetries:

Y*(x,z") = 6,Y(x, 2)05, (A.1a)
—oV*(x,2%)0 = Y (x, 2), (A.1b)
where

0 1
o= <_1 0) . (A.2)

In particular, (A.1a) follows from [32]. Since the fundamental ma-
trix solution satisfies (A.1a), using the definition (2.16) of ¥, we have
6, Y*(z")o, = o, U *Y*(z")U*s, = Y(z) = U~'Y(2)U, which yields
(A.1Db).

Proposition A.2. For all z € C, the Floquet discriminant A(z) satisfies
the Schwarz symmetry: A*(z*) = A(z). As a result, for all z € C/R, the
Floquet multiplier p(z) satisfies p*(z*) = p(z), the square root r; 2 satisfies
r /2(2*) = ry»(z) and ¢ arise in complex conjugate pairs.

Proof. From (A.1b), we have that 4*(z*) = %tr Y*(z*) = %tr(—o‘f’(z)o‘) =
%()711 + J»5) = A(z), which directly gives the symmetry for p(z).
Additionally, since 4%(¢,) — 1 = A*2(¢?) — 1, ¢, appear in complex
conjugate pairs. []

Proposition A.3. If {; is real, then it is at least a double root of A-1=0.
Moreover, for real z, A(z) is real and —1 < A(z) < 1. In other words, there
are no gaps on the real axis.

Proof. Here we just need to prove that when {; € R, A (z)| =, = 0.
Denoting the columns of Y(x, z) as y;(x,z) for j = 1,2 as before and
expanding y,(x + L, z) in terms of y,(x, z) and y,(x, z), we have

y(x+ L, z) = ay(x,z)+ by,(x, 2). (A.3)
Evaluating x at 0, we obtain

a(0,z) = y;;(L,z), b0,z)=yy(L,2). (A.4)
and from Wronskian relation, we have

a(0, z)a*(0, z*) + b(0, z)b*(0, z*) = 1. (A.5)

At z = {;, using the symmetry yy;(x, z) = yzz(x, z*), (A.5) becomes

Pire L 6 + 71 i (L §) + 37 (L 6) + 35 (L, E) = 1 (A6)

Moreover, at z = {;, the Floquet discriminant A({;) = %tr Y(L,¢) =
Vitre(L, ), and 42(;) — 1 = 0 yields y;, (L.¢;) = 1. These conditions
imply ¥y im(L¢) = Vigge(Ls;) = Yi2im(L.¢;) = 0. Consequently, the
differentiation of (A.5) with respect to z indicates that i—j |z=¢j =0.

Next, we prove that the entire real axis is part of the spectrum.
Consider the symmetry of the monodromy matrix M (z),

My,
s R.
M1*|> ze

My,

* (A7)
-My,

M(z) = <
For real z, we always have that A(z) is real. Moreover, we have 1 =
det M = |M11|2 + |M12|2, which implies |M,;| < 1. Therefore, 414 =
My, + M| |> < 4|My;|* < 4. This indicates that there are no gaps on
the real axis. []
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Proposition A.4. Under Assumption 2.4, there are no real branch points
for (42 — /2,

Proposition A.5.
eigenvalue.

Each real main eigenvalue {; is also a Dirichlet

Proof. For a real eigenvalue ¢, |A({)| can be written as

4O = 3 [M1,0) + Mp(©)] = § [M11(©) + M7,©)| = | Re My )] = 1,
(A.8)

indicating that |M;(¢)| > 1. Moreover, since M(z) has a unit determi-
nant, we have

- e - P -2 e 2
l=det M = My M, + M, M}, = |M;|" + |M,|", (A.9)
which implies |M,;(¢)| < 1. Therefore, |M,,(¢)| = 1, and |[M,(¢)| = 0.
implying that ¢ is a Dirichlet eigenvalue. []

Proposition A.5 shows that all real main eigenvalues have Dirichlet
eigenvalues locked to them. Note however that the converse of Proposi-
tion A.5 does not hold. Namely, there can exist real Dirichlet eigenvalue
that do not coincide with main eigenvalues.

A.2. Alternative sets of Dirichlet eigenvalues and trace formulae

Similar to our previous work [36], only one set of Dirichlet eigen-
values suffices to reconstruct the potential g(x). We now show that an
alternative set of Dirichlet eigenvalues can also be used for inverse
spectral problem.

As introduced in [32,34], this second set is defined analogously to

(2.14) but with modified boundary conditions:
01(xg) + 105(xg) = vy (xg + L) + ivy(xy + L) = 0. (A.10)

Let {p;(x,)};ez and {}i;(x,)};ez denote the Dirichlet eigenvalues cor-
responding to (2.15) and (A.10), respectively. Then (e.g., see [32,34])

4) + " () =1 ) (&) + Gyt — 20,()) (A11a)
JEZL

40x) = g* () = 3 (G + Cojar — 20,()). (A.11b)
JEZ

To use the second set of Dirichlet eigenvalues to construct a
Riemann-Hilbert problem, define a modified similarity transformation:

Y=0y0"', U=vei%. (A.12)
The modified solutions Y satisfy Y, = U(-izo; + Q)U~'Y, and the
Floquet discriminant and multipliers remain unchanged: 4 = 4, and
# = p. Hence, the main spectrum {{;} preserved. On the other hand, the
alternative Dirichlet spectrum consists of zeros of y,,(L, /i), and satisfies

all the properties in Theorem 2.3. We define the auxiliary spectral data:

S(q) = {Ezk—hEzk,Pglk"7/(}/{=g_,...,g+ (A.13)

with fi, and v, defined analogously to Definitions 2.6 and 2.8. By
standard Bloch-Floquet theory, one obtains modified Bloch-Floquet
solutions y* using j;;, leading to a new RHP & with asymptotics

d(x,2)=U U +0(1/z)) B(z), (A.14)

where B(z) is defined in (4.1a) with u, replaced by ji,. Following the
same procedure as in Sections 3-5, this RHP yields a unique solution,
from which the potential can be reconstructed.

In closing this section, it might be helpful to clarify that, in many
other works in the literature, yet a different definition is used e.g., see
[28,29,45], and the Dirichlet eigenvalues are defined as those values
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z € C for which the solutions of the Zakharov-Shabat problem satisfy
the boundary conditions

v(x,) = v,(x, + L) =0. (A.15)

The reason why this is relevant is that, for finite-genus solutions, the
number of movable Dirichlet eigenvalues defined according to the
BCs (A.15) is exactly equal to the genus, as shown in [28,29], In con-
trast, the number of movable Dirichlet eigenvalues defined according
to either the BCs (2.15) equals twice the genus, as is the number for
those defined according to (A.10).

A.3. Uniqueness of solutions of the Riemann-Hilbert problem 4.1

Proof of Lemma 4.7. We first prove that the particular solution @(x, z)
to RHP 4.1 given by (4.6) has unit determinant. Indeed,

-
detd(x, 2) = L det Bz detW(x,2) = 32202 e, | zecE
22 -1

(A.16)

Moreover,
i Ny
detW(x,2) = detW(0,2) = + 2B =P~ D _ VA1 e
V1a(L, 2) J12(L, 2)
(A17)

Hence, det @(x,z) = 1 for all x and z. Comparing det® = 1 with the
asymptotics (4.12), we obtain

det B(z)=1+0(1/z2), (A.18)

Z — 0.

Next, we prove that all solutions to RHP 4.1 have unit determinant.
To this end, let @(x, z) be any solution to RHP 4.1, and define f(x, z) =
det &(x, z), which is holomorphic in C\R. Since det V' (x, z) = 1, we have
for z € R\ {E,}

fi(x,2) = det @, (x,z) = det(V (x, 2)@_(x,z)) = det D_(x,z) = f_(x,2).
(A.19)

Thus, f extends analytically across R. By condition 2 of RHP 4.1, f may
only have isolated singularities at E,, but these are removable, so f is
entire. Using the same method as in [36], f is bounded, and Liouville’s
theorem implies f(x,z) =1 Vz € C. This completes the proof. []

Proof of Theorem 4.8. For fixed x € R, let @ and & be the solutions
of RHP 4.1. Define

R(x,z) := @(x, 2)® " (x,2). (A.20)

As det @ = 1, we may write

i (5 )
2 <—¢21(X, z)  $(x,2) ( )

where ¢,;(x, z) is the ij-element of @(x, z). By condition 3 of RHP 4.1,
R(x, z) has no jump and extends holomorphically to C\ {E, }. Since @
and @ have at worst quartic root singularities at E,, R(x, z) has at worst
square root singularities at E;, hence any singularity is removable. Thus
R(x, z) is an entire function of z.

Next, one can shows R(z) is bounded using the same arguments as
in [36]. Using the asymptotics in (4.12), we have

& '(x,2) = B\ ()T +O(1/2)), z— o, (A.22)
and hence
R(x,z)=1+0(1/z2), zZ—> 00. (A.23)

Thus R(x,z) is an entire bounded function tending to the identity at
infinity. Using Liouville’s theorem, we then have R(x,z) = I Vz € C.
Therefore the solution to RHP 4.1 is unique. []
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A.4. Explicit formulation of the RHP for genus-zero potentials

Let g(x) = Ael*, with @ € R and where we can take A > 0
without loss of generality. Since g(x) is independent of x, the scattering
problem can be solved exactly. Let us choose the eigenvector matrix of
X = —izo3 + Q as

W(z)=1—-i030/(z + 4), (A.24)

so that X W = W (=id)o;, where 4 = A(z) = (z% + 4%)!/2, Explicitly, we
define the complex square root so that: (i) its branch cut is [-i4,iA]JUR;
(i) (z2+A2)'/2 > 0 for all z € iR\ [—iA,iA]; (iii) on [—iA,iA], (z2+42)!/2
is continuous from the left, and on the real axis, it is continuous from
above.

For illustration purposes, we will slightly generalize some of the
quantities defined in Section 2. We do so even though it is not necessary
for the formulation of the RHP, in order to identify the movable and
immovable Dirichlet eigenvalues. Accordingly, let Y(x,x,,z) be the
fundamental matrix solution of the ZS problem such that Y (x,, x,,z) = I
at an arbitrary base point x,. In light of the above calculations, it is
straigthforward to see that

Y(x,x,,2) = W(z)e %o pr=l(z) (A.25a)

and the corresponding monodromy matrix is
—1
(A+2)% + A2
ML ((A+ 2)% + AZeHAL)
—2Ae"%(} + z)sin(AL)

M(x,,z)=Y(x,+L,z)=

2Ae'(A + z)sin(AL)
e—iAL (A2 + CZML(A + Z)Z) 4
(A.25b)

implying A(z) = cos(AL). The periodic eigenvalues are therefore the
points z, such that A(z,) = 2nx/L, n € Z. All such eigenvalues are
double zeros of A(z). Note that, if AL > x, some of these double points
lie on the imaginary axis, which violates clause (ii) of Assumption
2.4. Nonetheless, we will see below that this is not an obstacle to the
formulation of the RHP. The existence of such complex double points
is related to the modulational instability of the constant potential, as
shown for example in [40]. It is also straightforward to see that, if
AL = nz, the point z = 0 is a main eigenvalue with multiplicity 4.
Next we proceed to the calculation of the Dirichlet eigenvalues. By

analogy with (A.25a), we generalize (2.16) by defining
Y(x,x,,2) =UY (x,x,, 20U}, (A.26)

It is then straightforward to see that the Dirichlet eigenvalues with base
point x, are the zeros of j,(x, + L, x,, z). Explicitly, we have

B cos(AL) + sin(AL) iAsina sin(AL) (z—1iAcosa)
Y(x,+L,x,,z)= in(AL in(AL
’ ’ — sin(AL) (z+1iAcosa) cos(AL) — sm(/l/l )iA sin a
(A.27a)

We then see that there are Dirichlet eigenvalues wherever AL = nx
for n € Z \ {0}, whereas the points z = +iA, at which 4 = 0, are
not zeros of y,(x, + L,x,,z) unless « = 0 or ¢ = #. In addition, the
point z = 0 is a multiple Dirichlet eigenvalue if AL = nx. All these
Dirichlet eigenvalues are single and tied to the corresponding double
main eigenvalues discussed earlier. There is also an additional, single
Dirichlet eigenvalue y, = iA cosa, which, as the above calculations
show, is also independent of x, and therefore immovable. The numer-
ically computed Lax spectrum and Dirichlet eigenvalue are shown in
Fig. A.1 (see Appendix A.6 for details). In any case, as discussed in
Section 4, for the present approach to the IST it is sufficient to use the
Dirichlet eigenvalues with base point x, = 0.

Egs. (3.6) and (A.26) with x, = 0 immediately yield explicit expres-
sions for the Bloch-Floquet solutions explicitly. However, the resulting
formulae are complicated and not particularly illuminating, and are
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therefore omitted for brevity. Since p(u,) = cos(A(u,)L) — isin(A(u,)L),
which coincides with j,,(L, u,), by definition we have v, = 1 when
a € (0,7/2) U (3x/2,27) and vy, = —1 when a € (x/2,37/2). Let us
consider without loss of generality the case v, = 1 and compute the
jump matrix of @(x, z) as defined in (4.6). When v, = 1, we have f~ =1,

+ =y, —z,and f° = §,(L,z)/(f~f*) = —sin(AL)/ A. Thus, we obtain

B = {ib(z) diag(1, u, — 2),
b(z) diag(p, — z, 1),

zeCT,
zeC,

(A.28a)

with b(z) = e/* /(2% + A2)//4. For all z € Z(L), we have p,(z) = p=!(2)
and A,(z) = A_(z), where as usual the subscripts + denote the non-
tangential limits. As z € R, from (3.5) and (3.6), there is a switch
between the first and second columns of ¥ in different half-planes,
which cancels the jump of p, implying that ¥, = ¥_. Thus, we obtain
the jump as

- b o0
-1 = e izx63 (-1 =i Ho—Z .
D (x,2)®, (x,z)=¢ (BZ'B,) 1b_(z) ( 0w _Z> , z€R
(A.29)

For z € [—iA,iA], the definition of ¥ is the same on both sides of the
contour in each half-plane. However, the jumps of p and A, result in a
switch of the columns of ¥ (x, z), which yields ¥ (x, z) = ¥_(x, z)o;. The
jump is therefore given by

b@ iz ( O Mo .
T giaxd ., z€(0,iA),
b_(z) - 0

b o 0 L
b= eTi2x63 k=2 |z € (-iA,0).
b_(z) Ho— 2 0

(A.30)

&~ (x, 2)®,(x,2) =

To make these jumps fully explicit, it remains to consider the quartic
root. From the above definition of i(z), we have

b, (2) _ —i,
b_(z) i,
Inserting (A.31) into (A.29) and (A.30), we get (A.33), which also

coincides with the definition in (4.7). Hence, the 2 x 2 matrix-valued
function @(x, z) defined by (4.6) indeed solves the following RHP:

z € (—00,0) U (—iA,0),

. (A.31)
z € (0,0)U (0,iA).

RHP A.1. Find a 2 x 2 matrix-valued function ®(x, z) such that

1. @&(x,z) is a holomorphic function of z for z € C \ (R U [-iA,iA]).

2. The non-tangential limits @ (x,z) to R U [—iA,iA] are continuous
functions of z in R U (—iA,iA), and have at worst quartic root
singularities at {+iA}.

3. @, (x,z) satisfy the jump relation

D, (x,2) = D_(x,2)V(x,2), z € RU[-iA,iA], (A.32)
with
_ja—2izx —
0 WD) e .a).
~ie2* /G, - 2) 0
in—2izx -
| 0 ie /(o —2) ) z € (—iA,0),
ielex(Mo -z) 0
V =
(2) < 1 0 >
= ’ z € (—,0),
zZ =,
! 0
<u.,z > R 2€0,).
0 Ho— 2
(A.33)
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Fig. A.1. Left: The Lax spectrum (in blue) for g(x) = dn(x,0) = 1. The periodic and antiperiodic eigenvalues are highlighted in magenta and red, respectively, and
the Dirichlet eigenvalues are shown as large green circles outlined in black. Here the period L was chosen to correspond to the period of dn(x,0), namely L = x,

and the base point was x, = 0. Right: Same, but for g(x) = el*/?

4. As z — oo with z € C, @(x, z) has the following asymptotic behavior

D(x,z) = (I + O0(1/2))B(2), (A.34)

with U as in (2.17) and B(z) as in (A.28a).
5. There exist positive constants ¢ and M such that |¢,;(x,z)| < M eclal?
for all z € D.

In the special case « = 2nx, the potential is real and even, and
the above formalism simplifies considerably. Indeed, in this case, the
Dirichlet eigenvalue y, equals iA (consistently with Lemma 2.10). Thus,
fx(z) =1, and b(z) = e"/*[(z —1A)/(z + iA)]'/*. The jump matrix in the
RHP A.1 then simplifies to

je—2izx

0
V(z) = <ie2izx 0

while V(z) =1 for ze R.

) s z € (—iA,iA), (A.35)

A.5. Explicit formulation of the RHP for a genus-one elliptic potential

The focusing NLS equation admits quite a large family of genus-
one elliptic solutions, some of which were studied in [32], while the
full family was later characterized in [46,51]. One simple such solution
is the potential g(x) = dn(x, m), where dn is one of the Jacobi elliptic
functions [44] and m € [0, 1] is the elliptic parameter. The more general
family g(x) = A dn(x,m) with A > 0 was studied in [45], where it was
shown that if and only if A € N, it is a finite-genus potential with genus
equal to 2A — 1. Moreover, in [45] it was shown that, when 4 € N, for
all m € (0, 1) the Lax spectrum comprises the real z axis plus 24 bands
on iR (symmetrically located with respect to the real axis as dictated by
Schwarz symmetry), separated by 2A—1 spectral gaps. Here we consider
the case A = 1 and study the Lax spectrum, eigenfunctions, Dirichlet
eigenvalues and the corresponding RHP formulation. (It was also shown
in [45] that each of the 24 — 1 spectral gaps on iR contains exactly one
movable Dirichlet eigenvalue defined according to the BCs (A.15), but
that is not relevant for the formalism presented in this paper.)

Note first that the main eigenvalues can be obtained using either the
methods of [52] or those of [46]. With either mephod, one finds that
the main eigenvalues in C* are located at {;, = 7 (1 £ V1 ~-m), with
symmetrically located eigenvalues at —;, in C~. On the other hand,
the determination of the Dirichlet eigenvalues is more involved, and,
as far as we know, has not been presented in the literature before.

By Lemma 2.10, we know that the Dirichlet eigenvalues with base
point x, = 0 are located at some points of the main spectrum. The trace
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. Note how the Dirichlet eigenvalue is located at z =i/2, in agreement with (A.27).

formulae (A.11) then allow us to determine exactly which of the main
eigenvalues they are. In particular, they coincide with ¢ ,. Next, even
though it is not necessary for the formulation of the RHP, for illustrative
purposes we present the explicit calculation of the ZS eigenfunctions
and we obtain an equation that yields the location of the Dirichlet
eigenvalues with arbitrary base point x,, similarly to the previous
section. The following calculations are based on the framework of [46].

Note first that the solution of the NLS equation with IC ¢(x,0) =
dn(x, m) is simply q(x, 1) = €' dn(x, m), with @ = 1 —m/2. Accordingly,
one can look for simultaneous solutions =(x,7,z) of both parts of the
modified Lax pair

E.=X(x2)E, (A.36)

5, =[T(x,z) - iwo;] =,

with X (x, z) and T'(x, z) given by (1.7) but with g(x, 1) replaced by g(x) =
dn(x, m), which makes the resulting expressions time-independent. Fur-
ther, note that T'(x, z) + iwo; can be written as

- . A B
T(x,z) — iwos = <C —A) s (A.37a)
Ax,z) = =2i2% +i¢%(x) —iw, B(x,z) = 2zq(x) +iq' (x),

C(x,z) = B(x,—-z). (A.37b)

Since A, B and C are time-independent, we can therefore separate
variables by letting Z(x,t,z) = e? y(x,z). Then y(x,z) solves the
homogeneous system of algebraic equations

(T(x,2) —iw— Q) y(x,z) =0. (A.38)

In order for nontrivial solutions to exist, one obviously needs
det(T(x, 2)+iw—Q1I) = 0, i.e., Q> = A*(x)+B(x) C(x) = —4z4—j—‘(m—422)2,
which yields two values for Q: Q, = i% [-162% — (m — 42%)?] 2 Note
that € is not only independent of ¢, but also of x. In other words, Q2
is strictly a function of z and m. For each choice of 2, we can then
solve (A.38) to obtain

_ givxo(x,z) B(X’Z)
X:(x. X5, 2) = ¢ <_Q(Z)_A(X’ Z)> , (A.39a)
with
X (Q,(z) — A(s, — B (s,z)—1i
gy (x.2)= / (£2,(2) - A ) g0 - B,(s, 2 — 1z (A.39b)
e X B(s, z)

We can then construct a fundamental matrix solution of the ZS problem
as

W(x,z) = (x-(x, 2), x1.(x, 2)) , (A.402)
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which in turn allows us to obtain Y(x, x,, z) as

Y(x,x,,2) = W(x,x,,2) W’l(xo, X, Z) (A.40b)

Straightforward calculations then yield the Floquet discriminant as

Az, m) = %(e“ﬂaKwZ) + es+0CKn2)) (A.41)

where K,, = K(m) is the complete elliptic integral of the first kind [44].
Finally, defining ¥ (x, X,,5) as in (A.26), one explicitly obtains

F1a(x, %,,2) = i (egf_o(zK,n) _ eng,o(zK,,,))
_ C_(x,,2)C,(x,,z)
2(2_ - 2,)(2zdn(x,, m) — imcn(x,, m) sn(x,, m)) ’
(A.42a)

where

C.(s,2)= 222 — 2izdn(s, m) — men(s|m) sn(s, m) — dn(s, m)> + w — iQ, .
(A.42b)

The zeros of j,(x, + L, x,, z) then determine the Dirichlet eigenvalues
with base point x,. Although an analytical expression is not available,
it is straightforward to obtain the zeros of (A.42a) numerically. The
results agree very well with the numerically obtained Lax spectrum and
Dirichlet eigenvalues computed according to the numerical methods
described in Appendix A.6 (see Figs. A.2 and A.3).

Finally, we formulate the RHP satisfied by ®(x,1, z). Let us denote
the two movable Dirichlet eigenvalues by p, and p,, and consider
the case where y, = ¢, and y; = ¢, which happens when x, = 0
(corresponding to the top left plot in Fig. A.2). Note that, in this case,
both f~ and f* are simply equal to 1, and f° = j,,(L, z)/2. Then, B(z)
is given explicitly by

i, zeCH,
B(z) =b(z) I { | cc- (A.43a)
, Z 5
where now
_ _ 1/4
b(z) = /4 (E-0)z-6) (A.44)
z+ENE+8)

Note that, since the potential is real and even, B(z) is a scalar times
the identity matrix, in agreement with Proposition 4.3. We define the
complex square root in the numerator of (A.44) so that: (i) its branch
cut is [-&, =1 U [£, &1 UR; (i) [(z = po)(z — up)]'V/? > 0 for all z €
iR\ ([—¢p. =411V [£1,81); (i) on [=&5, =1V ¢, G, [(2— )z — ]2
is continuous from the left, and on the real axis, it is continuous from
above.

Now we compute the jump matrix of @(x, z) defined in (4.6). When
ze X(L) :=[-(, -1V ¢, LH1UR, we have p (2) = p~(z). For z € R,
we have ¥, (x, z) = ¥_(x, z), by the same arguments as in Appendix A.4.
Thus, the jump is, again,

_ —izxéy -1 _.bh (@
V(x,z)=¢e 3(BZ'By) = lb_(z)

For z € (=, —¢)) U (£}, &) along iR, just as in the genus-zero case, we
have ¥, (x, z) = Y_(x, z)o,. The jump is therefore given by

z€eR.

I, (A.45)

b .
Vix,z)= ;—Z;e_ux‘” oy,

Finally, for z € (-¢,.¢;) along iR, ¥(x,z) has no jump, since there
is no jump for p. Therefore, only the branch cuts of the quartic root
contribute to the jump, implying:

by(2)
@) z € (=1, 6.

It thus remains to compute the jump of b(z) in order to define the
RHP explicitly. Straightforward calculations show that:
i, z€RU(=6,—¢)U(G,8),

-1, ze (.8

2 € (=5, —ED U, 8. (A.46)

Vi(x,z)= (A.47)

I,

b_(2)

= A.48
XE) (A.48)
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Inserting (A.48) into (A.45), (A.46) and (A.47), we get (A.50), which
also coincides with the definition in (4.7). To summarize, we arrive at
the 2 x 2 matrix-valued function ®(x, z), which solves the following
RHP:

RHP A.2. Find a 2 x 2 matrix-valued function ®(x, z) such that

1. &(x,z) is a holomorphic function of z for z€ C\ (RU[-{;, & )).

2. The non-tangential limits @, (x, z) of @(x,z) to R U [={,,{,] are
continuous functions of z in (RU[-&,, & D\ (¢, £&, ), and have at
worst quartic root singularities at z = +{|, +(,.

3. @, (x,z) satisfy the jump relation

D, (x,2) = D_(x,2)V(x,2), z€ RU[-, 6], (A.49)
with
0 ie—Zizx
i o ) FE@8).
V(z) = (A.50)

0 ie—Zizx
iz 0 » 2€ (=6, 4D,

z€(=¢1,861)-

4. As z - oo with z € C, ®@(x, z) has the following asymptotic behavior

D(x,z) = +0(1/2))B(z), (A.51)

with B(z) as in (A.43a).
5. There exist positive constants ¢ and M such that |¢;;(x, z)| < MeclZl
for all z € D.

In closing this section, we should note that the focusing NLS equa-
tion admits a larger family of genus-one solutions [46]. Even though
in this appendix we limited ourselves to treating the dn potential for
brevity, we believe that the above approach will work for all of them.

A.6. A numerical approach for the calculation of the Dirichlet spectrum

The main spectrum of the scattering problem can be calculated
using the Floquet-Hill method [53], similarly to what was done in [41].
(Specifically, periodic and anti-periodic eigenvalues can be computed
by taking the Floquet exponent v to be 0 and /L respectively.) Here
we discuss how one can efficiently compute the Dirichlet eigenvalues.

The calculation of the Dirichlet spectrum begins with the modi-
fied scattering problem (2.18). Recall that the Dirichlet eigenvalues
with base point x, are the zeros of ,(x, + L,z), where Y(x,z) =
UY (x, x, z)U~! and Y (x, X¢, z) is the fundamental matrix solution of the
original scattering problem such that Y (x(, xy, z) = I (as in the previous
section). For each fixed value of z and x;, (2.18) can be integrated
numerically up to x = x;, + L using standard methods (e.g., such as
Runge-Kutta) for some fixed vector-valued initial condition. Letting
$(z) be the numerical solution of the modified scattering problem at
x = xo + L with base point x = x;, and initial condition (IC) j(xy,z) =
(0, )T, the problem of finding the Dirichlet eigenvalues then reduces to
that of finding those values of z for which the top element of j(x,+ L, z)
equals zero. To this end, one can use Newton’s method, by constructing
the iteration

Zptl = Zp — JA)I (Zn)/j}ll (Zn) > (A52)

where the prime denotes differentiation with respect to z and §,(z)
denotes the top entry of $(z). This method requires knowledge of
the derivative of $,(z) with respect to z, which can be obtained by
constructing the first variational system. Differentiating (2.18) with
respect to z yields the forced linear system of ODEs

7. = U(-izoy + Q)U ™' § —iUc,U™'5. (A.53)
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Fig. A.2. Plots of g(x) = dn(x,m) for m = 0.8 and various choice of base points. Top left: x, = 0. Top right: x, = 1. Bottom left: x, = L/2. Bottom right: x, = 4.

Here L =2K(m), where K(m) is the complete elliptic integral of the first kind.

The first variational system is the 4 x 4 system of ODEs obtained by
combining (2.18) and (A.53), namely,

p _ (Ul-izos +00))U! 0 P
X -iUeyU™! U(-izoz + Q0x)HU' )

where the dependent variable is the four-component vector P(x,z) =
(7, 7)T. The IC for (A.53) is the derivative with respect to z of the IC for
the modified scattering problem (2.18), which implies 3 (x,, z) = (0, 0.
Let P(z) be the numerical solution of the system at x = xo + L with IC
P(xy,z) = (0,1,0,0)T. Then (A.52) becomes

(A.54)

Zpgl = Zp — }51 (Zn)/p3(zn)’ (A.55)

where P (z) and }%(z) denote respectively the first and third entries
of P(z). Allowing Newton’s method to iterate until a desired tolerance is
reached will then produce a Dirichlet eigenvalue with numerical error
equal to that of the method used to solve the first variational system
plus the tolerance of Newton’s method.

The last issue that needs to be discussed to make this approach
practical is the choice of z,, namely, the initial condition for the
iteration (A.55). Recall that Newton’s method only converges quickly
if the initial guess is close to the true zero, and may not converge at
all if the initial guess is too far away. In addition, the problem admits
an infinite number of Dirichlet eigenvalues, and we would like to find
as many of them as quickly as possible. A possible way to do this
is to select a rectangular region in the complex plane to check for
Dirichlet eigenvalues. Next, one partitions this region with m_ points
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along the real axis and m,,, points along the imaginary axis, thereby
forming an m, X m;,, grid. For each point z in this grid, one integrates
numerically (A.54) and then uses a bisection method to locate those
points (which will generically lie in between grid points) where the
real part of P|(z) = j,(x, + L, z) is zero. Connecting these points, one
obtains the contour curves Re[j;,(xy+ L, z)] = 0. Repeating this process
to construct the contours Im[J,,(xy+L, z)] = 0, the intersection between
these zero contours will yield an acceptable initial guess for Newton’s
method. Two issues with this method, however, are that (i) improving
the accuracy of the zero contours requires a denser grid, and (ii) grid
points that do not have a zero contour in their immediate vicinity
still need to be calculated. Considering every grid point requires the
numerical solution of a system of ODEs, so it would be desirable to find
a way to determine initial guesses for Newton’s method that reduce the
required number of grid points.

Fig. A.1(left) shows the spectrum for the constant potential g(x) = 1,
calculated using the methodology described above. Since there are no
movable Dirichlet eigenvalues, as shown in (A.27), it would be point-
less to show multiple plots with different base points. Note however
that even the immovable Dirichlet eigenvalues can be time-dependent.
Recall that the location of the Dirichlet eigenvalue at z =
in (A.27) changes with a. Moreover, the IC ¢g(x,0) = 1 corresponds
to the exact solution ¢(x,f) = e*’. Thus, if one takes @ = 21, the
phase shift in the constant potential is the same as that obtained
from the time evolution of the exact solution. Indeed, Fig. A.1(right)
shows how the Dirichlet spectrum for the potential g(x) = el7/? differs

iAcosa
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(b)

Fig. A.3. Numerically calculated movable Dirichlet eigenvalues along the imaginary axis as a function of the base point x, for the potential g(x) = dn(x, m) for

m=0.8 (left) and m = 0.99 (right).

from the original one, validating the results of the previous section.
On the other hand, we emphasize that the results of Section 5 show
that the location of the poles for the time-dependent Riemann-Hilbert
problem remains unchanged with time, thanks to the effect of the
functions e*(t, z). Fig. A.2 shows plots of the spectrum for the genus-
1 potential g(x) = dn(x,0.8) with a variety of different choices for x,.
Note that all Dirichlet eigenvalues on the real axis lie on a periodic
or antiperiodic eigenvalue and are also immovable. Finally, Fig. A.3
shows the dependence of the numerically calculated movable Dirichlet
eigenvalues along the imaginary axis as a function of the base point x,
for the potential g(x) = dn(x, m) for m = 0.8 (left) and m = 0.99 (right).
The values agree with the values obtained from calculations presented
in the previous section. We reiterate, however, that the inverse spectral
method presented in Section 4 only requires knowledge of the Dirichlet
eigenvalues with a single base point.

Data availability

No data was used for the research described in the article.
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